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Abstract: Bianchi type-III cosmological model for a cloud of string with bulk viscosity and a 

variable cosmological constant  is investigated. To obtain the determinate model of universe, 

we assume that the coefficient of bulk viscosity  is inversely proportional to the expansion  in 

the model and expansion  in the model is proportional to the eigen value 
2
2  of the shear 

tensor 
j

i . This leads to ,nlCB =  where l and n are constants. We also assume that the 

cosmological term  is inversely proportional to S3, where S is the scale factor. Behaviour of 

the model in the presence and absence of bulk viscosity is discussed. The physical implications 

of the model is also discussed in detail.  
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1. Introduction 

The exact physical situations of very early stages of formatiom of universe can be explained 

satisfactorily by string theory and it is still an interesting and challenging problem of 

cosmology.The string theory is a useful concept before the creation of the particle in the 

universe.The strings are nothing but the important topological stable defects due to the phase 

transition that occurs as the temperature lowers below some critical temperature 

( )KTGUT
2810=  at the very early stages ( )st 3610~ −

 of the universe as predicted by grand 

unified theories (GUT) (Zel'dovich et al. [1], Kibble [2,3], Everett [4], Vilenkin [5,6]). It is 

believed that cosmic strings give rise to density perturbations which led to the formation of 

galaxies [7]. Massive closed loops of strings serve as seeds for the formation of large structures 

like galaxies and cluster of galaxies. While matter is accreted onto loops, they oscillate 
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violently and lose their energy by gravitational radiation and therefore they shrink and 

disappear.These cosmic strings have stress-energy and coupled to the gravitational field. 

Therefore, the study of gravitational effects of such strings will be interesting. The general 

relativistic treatment of strings was initiated by Letelier [8,9] who considered the massive 

strings to be formed by geometric strings with particles attached along its extension. Stachel 

[10] has also studied massive string. Exact solutions of string cosmology for Bianchi type-II, 

VI0, VII and IX space times have been studied by Krori et al. [11] and Wang [12]. Bali et al. 

[13-15] have obtained Bianchi type-IX, type-V and type-I string cosmological models in 

general relativity. Tikelar and Patel [16] and Chakraborty & Chakraborty [17] have presented 

the exact solutions of Bianchi type-III and spherically symmetric cosmology respectively for a 

cloud string.  

In most of the cosmological models matter distribution in the universe is satisfactorily 

described by a perfect fluid due to large-scale distribution of galaxies in our universe. However, 

a realistic treatment of the problem requires the consideration of material distribution other than 

the perfect fluid. Cosmological models of a fluid with viscosity play a significant role in the 

study of evolution of the universe. It is well known that at an early stage of universe when 

neutrino decoupling occurred, the matter behaved like a viscous fluid [18]. Weinberg [19] 

derived general formulae for bulk and shear viscosity and used these to evaluate the rate of 

cosmological entropy production. He deduced that the most general form of the energy-

momentum tensor, allowed by rotational and space-inversion invariance, contains a bulk 

viscosity term proportional to the volume expansion of the model. Padmanabham et al. [20] 

also noted that viscosity may be relevant for the future evolution of the universe. Bali and Dave 

[21] have presented Bianchi type-III string cosmological model with bulk viscosity, where the 

constant coefficient of bulk viscosity is considered. However, it is known that the coefficient of 

bulk viscosity is not constant but decreases as the universe expands. Cosmological models with 

viscous fluid in the early universe have been widely discussed in the literature (see the works by 

Pradhan et al [22], Pradhan & Kumar [23], Wang [24], Bali and Deo [25], Pradhan & Lata [26], 

Pradhan et al. [27], Yadav et al. [28]). 

In modern cosmological theories a dynamical cosmological term (t) remains a focal 

point of interest as it solves the cosmological constant problem in a natural way. There is 

significant observational evidence for the detection of Einstein's cosmological constant  or a 

component of material content of the universe that varies slowly with time to act like . In the 

context of quantum field theory, a cosmological term  corresponds to the energy density of 
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vacuum. A constant  can not explain the huge difference between the cosmological constant 

inferred from observation and the vacuum energy density resulting from quantum field theories. 

In an attempt to solve this problem, variable  was introduced such that  was large in the early 

universe and then decayed with evolution [29]. A number of models with different decay laws 

for the variation of cosmological term were investigated during last two decades [30-34]. In 

recent past, several cosmological models with time-dependent cosmological constant have been 

extensively discussed in the literature (for example see Singh & Kumar [35], Pradhan [36], 

Pradhan et al. [37], Pradhan & Pandey [38], Chawla et al. [39], Tiwari et al. [40], Amirhashchi 

[41]). 

Motivated by the above discussions, in this paper, we have investigated Bianchi type-III 

string cosmological model with bulk viscosity and time-varying cosmological constant. The 

outline of the paper is as follows. The metric and the field equations are presented in Section 2. 

Section 3 deals with the solutions of the field equations. In Subsection 3.1 we describe some 

physical and geometrical properties of the model in the presence of bulk viscosity. In 

Subsection 3.2 we describe some physical and geometrical features of the model in the absence 

of bulk viscosity. Finally, in Section 4, concluding remarks are given. 

 

2.The Metric and Field Equations 

The line element for general Bianchi type-III space time is considered as 

( ) ( ) ( ) ,222222222 dztCdyetBdxtAdtds x +++−= − 
    (1) 

where  is constant. The energy momentum tensor for a cloud of string dust with a bulk viscous 

fluid of string is given by Letelier [8] and Landau and Lifshitz [42] 

( )ji
j

i
l
l

j
i

j
i

j
i vvgxxvvT +−−= ; ,       (2) 

where iv  and ix  satisfy the condition 

,0,1 =−=−= i
i

i
i

i
i xvxxvv        (3) 

  is the proper energy density for a cloud string with particles attached to them,  is the string 

tension density of the cloud of strings, =l
lv;  is the scalar of expansion, 

iv  is the four 

velocity of the particles, and 
ix  is a unit space-like vector representing the direction of string. If 

the particle density of the configuration is denoted by p , then we have- 

 += p           (4) 
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The Einstein's field equations (in gravitational units c = 1, G=1) are 

j
i

j
i

j
i

j
i gTgRR +−=− 8

2

1
,       (5) 

where 
j

iR  is the Ricci tensor; ij
ij RgR =  is the Ricci scalar. In a co-moving co-ordinate 

system, we have 

( ) 







== 0,

1
,0,0,1,0,0,0
C

xv ii
,      (6) 

For the metric (1) and energy momentum tensor (2) in the co-moving system of co-ordinates, 

the field equations (5) yields 

+=++ 8
BC

CB

C

C

B

B 
,         (7) 

+=++ 8
AC

CA

C

C

A

A 
,                   

(8) 

( ) ++=−++ 


8
2

2

AAB

BA

B

B

A

A 
,      (9) 

+=−++ 


8
2

2

ACA

AC

BC

CB

AB

BA 
,      (10) 

,0=−
B

B

A

A 
          (11) 

where the dot denotes  differentiation with respect to time t. 

The spatial volume (S3), the scalar expansion (), components of shear tensor ( )ij  and the 

average anisotropy parameter Am for the model (1) are given by 

ABCS =3
,           (12) 

C

C

B

B

A

A
vl

l


++== ; ,         (13) 









−−=

C

C

B

B

A

A 
2

3

11
1 ,        (14) 









−−=

C

C

A

A

B

B 
2

3

12
2 ,         (15) 
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







−−=

B

B

A

A

C

C 
2

3

13
3 ,         (16) 

04
4 = .           (17) 

 

Therefore 







−−−++=

AC

CA

BC

CB

AB

BA

C

C

B

B

A

A 
2

2

2

2

2

2
2

3

1
 .                (18) 

23

13

1







 
= 

= H

H
A i

i
m ,         (19) 

where ( )3,2,1=−= iHHH ii . 

 

3. Solutions of the Field Equations 

The field equations (7) – (11) are a system of five equations with seven unknown parameters 

 ,,,,, CBA  and  . Two additional constraints relating these parameters are required to 

obtain explicit solutions of the system. We first assume that the expansion () in the model is 

proportional to the eigen value 
2
2  of the shear tensor 

j
i . This condition leads to the 

following relation between the metric potentials : 

( ) 1

1

m
AClB = ,         (20) 

where 1l  and 1m  are arbitrary constants. 

Equation (11) leads to 

  ,mBA =           (21) 

where m is a positive constant of integration. 

From (20) and (21), we obtain 

 
nlCB = ,          (22) 

where 

1

11

1

1
1

,1

m

m
nmll nm

−
==

−
. 

Secondly, following Tiwari et al. [40] and Jain et al. [43], we assume that   is inversely 

proportional to S3 

 i.e. 
ABCS


==

3
,         (23) 
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where   is a positive proportionality constant.  

To obtain the determinate model of the universe, we assume that the coefficient of bulk 

viscosity ( )  is inversely proportional to expansion scalar (). This condition leads to 

 k= ,          (24) 

where k is a proportionality constant. 

With the help of equations (21) – (24), equation (7) reduces to 

( ) nCnml
C

n

k

C

C

n

n
C

22

22 1
.

1

2

1

16

1

2
2

+
+









+
=











+
+


 .     (25) 

Let ( )CfC =  which implies that 'ffC = , where 
dC

df
f =' . 

Hence equation (25) leads to 

 ( )
( ) nCnml

C
n

k

C

f

n

n
f

dC

d
22

22
2 1

.
1

2

1

16

1

2

+
+









+
=











+
+


 .    (26) 

Equation (26), after integration, reduces to 

( ) 1,
1

.
)1(

2

1

8

1

2

1

122

2

2

2

2
22

+
−

+








++
=








=

++

−+
n

C

L

C
nml

C
nn

k

dt

dC
f

n

n

n

nn


,   (27) 

where L is the constant of integration. 

With the help of equations (21), (22) and (27), the line element (1) reduces to 

( ) ( )
2

1

1

2

1

122

2

2

2
22

1
.

1

2

1

8
dC

C

L

C
nml

C
nn

k
ds

n

n

n

nn

−

++

−+

















+
−

+








++
−=


 

2222222222 dzCdyeCldxClm xnn +++ − 
      (28) 

After using a suitable transformation of coordinates, the line element (28) reduces to 

( ) ( )
2

1

1

2

1

122

2

2

2
22

1
.

1

2

1

8
dT

T

L

T
nml

T
nn

k
ds

n

n

n

nn

−

++

−+

















+
−

+








++
−=


 

2222222222 dzTdyeTldxTlm xnn +++ − 
      (29) 
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3.1 Some Physical and Geometrical Characteristics 

The expressions for the energy density  , the string tension density , the particle density p , 

the cosmological constant , the expansion scalar (), shear scalar () and spatial volume (V) 

are, respectively, given by 

( )
( )

( )
( )

( )
( ) n

n

nnn Tlm
T

Lnn

Tnml

nn

nn

knn
222

2

1

12

2

122

2

2

2

2

2

1

152

1

28
8


 −

+
+

−

−+
+

++

+
=

+

+++
,    (30) 

( )
( )

( ) ( )
( ) n

n

nnn Tlm
Tn

Lnnn

Tml

n

nn

knn
222

2

1

12

23

1222

2

2

)1(

212

1

128
8


 −

+

−+
+

+
−

++

−−
=

+

+++
,    (31) 

( )
( ) ( )

( )

( )
( )

1

12

2

1222

2

2

1

42

1

6

1

138
8

+

+++

+

+
+

−
+

++

−−
−=

n

nnnp

Tn

Lnn

Tmln

n

nn

knn 
 ,    (32) 

122 +
=

nTml


,           (33) 

( )
( ) ( ) ( )

2

1

1

121222 2
1

2

1

8
12

















+
−

+
++

+=

+

+++

n

nnn

T

L

Tnmlnn

k
n


 ,     (34) 

( )
( ) ( ) ( )

2

1

1

121222 2
1

2

1

8

3

1

















+
−

+
++

−
=

+

+++

n

nnn

T

L

Tnmlnn

kn 
 ,     (35) 

1223 +== nTmlSV .          (36) 

The energy conditions 0  and 0p  are satisfied in the presence of bulk viscosity for the 

metric (29).  

From (30), the condition  0 leads to 

( )
( ) ( )

( )
nn

n

nn TlmTnml

nn

T

L

nn

k
nn

222

2

122

2

1

122

2

)1(

152

1

8
2

2




−

−+
+

















+
++

+
+

+

++
,    (37) 

From (32), the condition 0p  leads to 
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( )

( )
( ) ( )

( )
( )1

138

1

6

1

42
2

2

122

1

12

2

2
++

−−


−
+

+

+
+

+

++ nn

knn

Tnml

n

Tn

Lnn
n

n

nn


     (38) 

Form (31), we observe that the string tension density 0  provided  

( )
( )

( )

( )
( )

( )
nn

n

nn TlmTml

n

Tn

Lnnn

nn

knn
222

2

122

1

12

23

2

2 12

1

2

1

128
2


+

+


+

−+
+

++

−−
+

+

++
    (39) 

It is worth mentioned here that for n > 1, the model does not exist physically realistic as it 

provides negative energy density from early stage. Therefore, we have concentrated our 

analysis by considering 0 < n < 1. The spatial volume V is zero at T = 0 and the expansion 

scalar  is infinite, which shows that the universe starts evolving with zero volume at T = 0 and 

hence the space time exhibits point type [44] singularity at the initial epoch. From equations 

(30) and (34), it is noted that the proper energy density  and scalar of expansion  are 

decreasing functions of time and they approaches a small positive value at present epoch but 

never become zero due to the presence of bulk viscosity. This implies that our universe can not 

be an empty universe even after infinitely large time. From equation (31) it is observed that  is 

a deceasing function of time and it is always negative as condition (39) for   0 is not satisfied 

for .1
6

1
 n  It is pointed out by Letelier [9] that  may be positive or negative. From 

equation (33), we observe that  is a decreasing function of time and is always positive. Recent 

cosmological observations [45-52] suggest the existence of a positive cosmological constant  

with the magnitude  (Gh/c3)  10-123. These observations on magnitude and red shift of type Ia 

supernovae suggest that our universe may be accelerating one with induced cosmological 

density through the cosmological -term. Thus, our model is consistent with the results of 

recent observations. We can see from the above discussion that the bulk viscosity plays a 

significant role in the evolution of the universe. Furthermore, since 
( )
( )

0
123

1
lim 

+

−
=

→ n

n

T 


 

as 0 < n < 1, the model never approaches to isotropy, so the Bianchi type-III cosmological 

model is anisotropic.  

 

3.2 Solution in the Absence of Bulk Viscosity 

In the absence of bulk viscosity, i.e. when k = 0, the metric (29) reduces to 
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( ) ( )
22222222222
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2

1
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2
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1
.

1

2
dzTdyeTldxTlmdT
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T
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
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

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

+
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−
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
 (40) 

The physical and kinematical quantities for the model (40) are given by 

( )
( )
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n
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−
=

n

nnnp

Tn

Lnn

Tnml

n
 ,      (43) 

122 +
=

nTml


,          (44) 
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1
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n 
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1223 +== nTmlSV .         (47) 

In the absence of bulk viscosity, the energy conditions 0  and 0p  are satisfied for the 

model (40). The condition 0  leads to 

( )
( )

( )
22
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1

2

2

2

2 2

1
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lm
T
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Tnml
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

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
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+

.      (48) 

The string tension density 0  if 
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( )
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Lnnn
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




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


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
+
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.       (49) 

We observe that the spatial volume V is zero at T = 0 and the expansion scalar  is infinite, 

which shows that the universe starts evolving with zero volume at T = 0 which is big bang 

scenario. For this model, the scale factors are zero at T = 0, which shows that the space-time 

exhibits point type [44] singularity. All the physical quantities, proper energy density ( ), 

string tension density (), particle density p , shear scalar (), expansion scalar () and 

cosmological constant () diverge at T = 0. As T → , volume and all the scale factors become 

infinite where as   , , p , , ,  tend to zero. Therefore the model would essentially give an 

empty universe for large time T. Since 



 = constant, the model does not approach isotropy for 

large values of T. Therefore, the model describes a continuously expanding, shearing, non-

rotating universe with the big-bang start.  

 

4. Concluding Remarks 

In this paper we have presented a new exact solution of Einstein's field equations for 

anisotropic Bianchi type-III space-time in the presence of bulk viscosity with time varying 

cosmological constant  which is different from the other author's solutions. In general the 

model is expanding, shearing and non-rotating. The model starts with a big-bang at T=0 and it 

goes on expanding until it comes out to rest at T= . The initial singularity in the model is point 

type [44]. Our universe starts evolving with zero volume at T=0 and expand with cosmic time 

T. In our derived model, we have observed that the cosmological term- decreases as the time 

increases and it approaches to a small positive value at the present epoch. We observe that 

0lim 
→ 



T
, the models do not approach isotropy at any time. It is found that in the presence of 

bulk viscosity our model never approach empty universe whereas in the absence of bulk 

viscosity it would essentially give an empty universe for large value of T. We have also 

discussed some physical and Kinematical properties of the cosmological models.  

 

References 

[1] Ya. B. Zel'dovich, I. Yu. Kobzarev, L.B. Okun, Sov. Phys. JEPT 40, 1 (1975). 



Research Guru: Volume-14, Issue-4, March-2021 (ISSN: 2349-266X) 

Page | 80  

Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed) 

[2] T.W.B. Kibble, J. Phys. A : Math. Gen. 9, 1387 (1976). 

[3] T.W.B. Kibble, Phys. Rep. 67, 183 (1980). 

[4] A.E. Everett, Phys. Rev. 24, 858 (1981). 

[5] A. Vilenkin, Phys. Rev. D. 24, 2082 (1981). 

[6] A. Vilenkin, Phys. Rep. 121, 265 (1985). 

[7] Ya. B. Zel'dovich, Mon. Not R. Astron. Soc. 192, 663 (1980). 

[8] P.S. Letelier, Phys. Rev. D. 20, 1294 (1979). 

[9] P.S. Letelier, Phys. Rev. D. 28, 2414 (1983). 

[10] J. Stachel, Phys. Rev. D. 21, 2127 (1980). 

[11] K.D.Krori,T.Chaudhary,C.R.Mahanta and A.Mazumdar,Gen.Rel.Grav.22,123 (1990). 

[12] X.X. Wang, Chin. Phys. Lett. 20, 615 (2003). 

[13] R. Bali and S. Dave, Pramana J. Phys. 56, 513 (2001). 

[14] R. Bali and R.D. Upadhyay, Astrophys. Space Sci. 283, 97 (2003). 

[15] R. Bali and Anjali, Astrophys. Space Sci. 302, 201 (2006) 

[16] R. Tikelar and L.K. Patel, Gen. Rel. Grav. 24, 394 (1992). 

[17] S. Chakraborty and A.K. Chakraborty, J. Math. Phys. 33, 2336 (1992). 

[18] E.W. Kolb and M.S. Turner, The Early Universe, Addison-Wesley (1990). 

[19] S. Weinberg, Ap J. 196, 175 (1971). 

[20] T. Padmanabham and S.M. Chitre, Phys. Lett. A. 344, 823 (2003). 

[21] R. Bali and S. Dave, Astrophys. Space Sci. 282, 1455 (2002). 

[22] A. Pradhan, A.K. Yadav and L. Yadav, Czechoslovak J.Phys. 55, 503 (2005). 

[23] A. Pradhan and S.S. Kumar, Int. J. Theo. Phys. 48, 1466 (2009). 

[24] X.X. Wang, Chin. Phys. Lett. 22, 29 (2005). 

[25] R. Bali and D.K. Singh, Astrophys. Space Sci. 300, 387 (2005). 

[26] A. Pradhan and S. Lata, Elect. J. Theo. Phys. 8, 153 (2011). 

[27] A. Padhan, S.S. Kumar and K. Jotania, Patest. J. Math. 1, 118, (2012). 

[28] A.K. Yadav, A. Pradhan and A.K. Singh, AP & SS. 337, 379 (2012). 

[29] A.D. Dolgov, in The Very Early Universe, eds. G.W. Gibbons, S.W. Hawking, Siklos, p. 

449 (S.T.C. Cambridge University Press, Cambridge, 1983). 

[30] W. Chen and Y.S. Wu, Phys. Rev. D. 41, 695 (1990). 

[31] J.A.S. Lima and J.M.F. Maia, Phys. Rev. D. 49, 5579 (1994). 

[32] A.I. Arbab and A.M.M. Abdel-Rahaman, Phys. Rev. D. 50, 7725 (1994). 

[33] R.G. Vishwakarma, Gen. Rel. Grav. 33, 1973 (2001). 

[34] S. Carneiro, J.A.S. Lima, Int. J. Mod. Phys. A.20, 2465 (2005). 



Research Guru: Volume-14, Issue-4, March-2021 (ISSN: 2349-266X) 

Page | 81  

Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed) 

[35] C.P. Singh and S. Kumar, Int. J. Theor. Phys. 47, 3171 (2008). 

[36] A. Pradhan, Fizika B. 18, 61 (2009). 

[37] A. Pradhan, V. Rai and K. Jotania, Commun. Theor. Phys. 50, 279 (2008). 

[38] A. Pradhan and O.P. Pandey, Int. J. Mod. Phys. D.12, 1299 (2003). 

[39] C. Chawla, R.K. Mishara and Anirudh Pradhan, Eur. Phys. J. Plus 127, 137 (2012). 

[40] R.K. Tiwari, D. Tiwari and Pratibha Shukla, Chin. Phys. Lett. 29, 10403 (2011). 

[41] H. Amirhashchi, arXiv: 1011.6050v1 (astro-ph.co) 2010  

[42] L.D.Landau and E.M. Lifshitz, Fluid Mech. 6, 505 (1983). 

[43] K. Jain, D. Chhajed and Atul Tyagi, Int.J.Scie. Resear. Phys. App.Sci.7, 167 (2019) 

[44] M.A.H. Macallum, Comm. Phys. 20, 57 (1971). 

[45] S. Perlmutter et al., Astrophys. J. 483, 565 (1997). 

[46] S. Perlmutter et al., Nature 391, 51 (1998). 

[47] S. Perlmutter et al., Astrophys. J. 517, 5 (1999). 

[48] A.G. Riess et al., Astron. J. 116, 1009 (1998). 

[49] A.G. Riess et al., Publ. Astron. Soc. Pacific (PASP) 112, 1284 (2000). 

[50] A.G. Riess et al., Astrophys. J. 607, 665 (2004). 

[51] P.M. Garnavich et al., Astrophys. J. 493, L 53 (1998). 

[52] P.M. Garnavich et al., Astrophys. J. 509, 74 (1998). 

 

 

 

 

 

  


